Mathematical Models for Optimization of Grid-Integrated Energy Storage
  Systems by Eyisi, Chiebuka et al.
Mathematical Models for Optimization of Grid-
Integrated Energy Storage Systems 
Chiebuka Eyisi*, Student Member IEEE, Ameena Saad Al-Sumaitiβ, Member IEEE, Konstantin Turitsynψ, Member IEEE, and 
Qifeng Li*, Member IEEE, 
* Dept. of Elect. & Comp. Engr., University of Central Florida, Orlando, FL, USA (e-mail: cvpeyisi@knights.ucf.edu; qifeng.li@ucf.edu) 
β Dept. of Elect. & Comp. Engr., Khalifa University, Abu Dhabi, UAE (e-mail: ameena.alsumaiti@ku.ac.ae) 
ψ Dept. of Mech. Engr., Massachusetts Institute of Technology, Cambridge, MA, USA (e-mail: turitsyn@mit.edu) 
 
 
Abstract—Energy storage has been proven to yield positive effects 
on planning, operation and control of electric grids. It has become 
a crucial task to properly model the energy storage systems (ESS) 
under the framework of grid optimization on transmission and 
distribution networks including microgrids. This paper presents 
a review on mathematical models and test cases of ESSs used for 
grid optimization studies, where the network constraints of power 
systems are included. The existing ESS models are mainly 
classified into two categories – linear and nonlinear models. The 
two main categories are further divided into several sub-
categories respectively; such as mixed-integer linear and convex 
nonlinear sub-categories. Based on the review and discussions, 
this paper aims at providing suggestions for choosing proper ESS 
models for specific grid optimization studies considering the 
chosen power network model.  
Index Terms—Energy storage, modeling power grids, 
optimization. 
I. INTRODUCTION 
Energy storage has attracted substantial attentions 
worldwide and will continue to attract more in the future [1]. A 
major objective for many electric power utilities is to gain more 
flexibility in managing the supply and demand of electric power 
in order to enhance the power system’s operational stability and 
efficiency. The technology of Energy Storage Systems (ESS) 
refers to the process of converting energy from one form 
(mainly electrical energy) to a storable form (during off-peak 
hours) and reserving it in various mediums; then the stored 
energy can be converted back into electrical energy when 
needed (during peak hours) [2]. Recent developments in ESS 
technologies have helped mitigate the imbalance between 
power supply and demand to a degree and enabled higher 
penetrations of Renewable Energy Sources (RES). In the last 
few years, research interests have been fueled into the 
capability of grid integrated ESS to provide support for the grid 
and smoothen the output of RES [3].  
In some existing literature, the authors have reviewed and 
summarized ESS technologies, their research and development, 
grid demonstrations and industrial applications [1], [2], [3]. 
However, the mathematical models of ESSs for the purposes of 
grid-integrated optimization studies were not well discussed in 
these review papers. This paper is aimed at providing the reader 
with detailed information as to how to model ESSs in power 
system optimizations. The focus are implementations in 
transmission and distribution networks including microgrids. 
The coordination between the ESS models and power network 
flow models is also discussed. 
The rest of the paper is organized as follows: Section II 
presents a brief summary on ESS technologies that are suitable 
for power grid applications. Section III lists and compares 
various mathematical models for grid-integrated ESS and 
recommends models suitable for an ESS technology. In Section 
IV, information regarding test systems as seen in literature is 
provided, before making concluding remarks in Section V. 
II. ESS TECHNOLOGIES FOR GRID APPLICATIONS 
A. Types of ESS 
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Figure 1.  ESS Classification 
Storage elements for electrical grids include, but are not 
limited to: Pumped Hydro Storage (PHS) [4], Compressed Air 
Energy Storage (CAES) [5], Flywheel Energy Storage (FES) 
[6], Battery Energy Storage Systems (BESS) [7], Super 
Capacitors (SC) [8], Thermal Energy Storage Systems (TESS) 
[9], Superconducting Magnetic Energy Storage (SMES) [10] 
and Hydrogen Energy Storage (HES) [11]. These ESS 
technologies can be categorized in terms of their suitable 
storage durations, response times, functions or the stored form 
of energy. Here we categorize these ESS technologies as shown 
in Figure 1 above with the aid of [1] – [11], based on network 
deployment levels. 
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B. Functions of ESS in Power Grids 
Some of the benefits of ESS in electric power grids include 
energy management, load leveling, voltage support, alleviating 
the intermittence of RES, frequency regulation, potential for 
financial profits, providing backup power during emergencies, 
grid stabilization and resiliency [2], [3]. We identify potential 
for financial profits, reliability and stability benefits as the 
leading functions of ESS in power grids. In today’s electricity 
markets, the profit-maximizing size of an ESS is primarily 
determined by its technological characteristics (self-discharge 
rate and round-trip charge/discharge efficiency). This may 
provide revenue opportunities to RES owners for incorporating 
ESSs engaging in price arbitrage [12].  
Power system reliability involves the considerations of the 
states of the system and whether they are adequate, secure or 
insecure. Integrating ESS within a power system ameliorates 
reliability challenges; by helping meet the demand when RES 
or conventional generation sources are insufficient, or 
prolonging the lifetime of these sources through more frequent 
scheduled maintenance, or reconfiguring a part of the network 
capable of operating in islanded mode with ESS installations, 
and helping re-dispatch generation sources in the network 
during power outages lasting more than a few seconds. 
Reliability indices like Loss of Load Expectation (LOLE) and 
Loss of Load Probability (LOLP) are typical indices used in the 
reliability evaluation of power systems with ESS [13]. 
In maintaining power system stability, load balance can be 
managed through conventional generators in conjunction with 
RES and ESS. ESS being able to inject and absorb real power 
helps reduce power oscillations. ESS can also help maintain 
power system stability and necessary voltage levels through 
reactive power support. The combination of Flexible AC 
Transmission Systems (FACTS) and ESS can help to improve 
system stability and power transfer capability of the network. 
Investigations related to ESS for power system stability can be 
found in [14].  
The aforementioned ESS functions are realizable when 
discussing the concept of a microgrid. A microgrid is a group 
of distributed RESs and interconnected loads capable of acting 
as a single controllable entity within defined electrical 
boundaries with respect to the external grid. Its characteristic 
attribute is its capability to disconnect (operating in the islanded 
mode) and reconnect to the external grid. With ESS being able 
to stabilize these systems and enable integration of RES thereby 
improving power system reliability, microgrid concepts are 
realizable from the viewpoints of planning, operation and 
control [15].  
III. MATHEMATICAL MODELS 
During the planning and operation stages of an ESS for 
distribution and transmission networks, questions of size, site 
and costs needs to be addressed. In the power systems industry, 
optimization models help in the decision-making process of 
scheduling and dispatching power generation resources. 
Formulations such as Optimal Power Flow (OPF) [16] and Unit 
Commitment (UC) [17] represents the majority of these 
descriptive models. In general, the power system optimization 
considering ESSs has the following form: 
𝑚𝑖𝑛                𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  (1a) 
𝑠. 𝑡.                  𝑛𝑒𝑡𝑤𝑜𝑟𝑘 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠  (1b) 
        𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑎𝑔𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 (1c) 
The objective function in the above model can be any but 
not limited to the following: active power cost minimization, 
active and reactive power loss minimization, emissions 
minimization, voltage deviation minimization, power transfer 
maximization and several others [18]. These objective 
functions are generally convex. The non-convexity and 
computational burden come from the type and size of the 
constraints in (1b) and (1c). The network constraints in (1b) 
have been discussed extensively in [18], [19]. In this paper, the 
mathematical models being referred to focus on how ESSs are 
modeled typically as constraints as shown in (1c).  
In existing literature, some mathematical models proposed 
by various authors can be classified into linear and nonlinear 
models. Regardless of the model implemented; for planning 
and operational purposes, the intent is to address questions 
related to the size, site and associated costs of the ESS to be 
incorporated in the network while meeting other system 
reliabilities. The literature on modeling ESS for grid integration 
is seen to cover quite a number of indices and can be tailored to 
suit various planning and operational objectives for different 
power system optimizations. A storage device can be 
characterized by its rated power (PESS) in kW/MW, rated energy 
(EESS) in kWh/MWh and also charging and/or discharging cycle 
efficiencies (ηch and/or ηdisch). As previously stated, these 
models are part of realizations where information about the 
network’s topology, captured by an admittance matrix is also 
included and not ignored. Hence power flow constraints related 
to the network’s topology are included in the model to be 
optimized. We begin by showing what these ESS models might 
constitute in implementations.  
A. Linear Models 
1) A Mixed Integer Linear Model:  
In the following model, charge and discharge efficiencies 
are considered while binary variables are introduced to 
formulate the charge/discharge state of the ESS. 
𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑛𝑒𝑡 = 𝜂𝑐ℎ𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑐ℎ − (1 𝜂𝑑𝑖𝑠𝑐ℎ⁄ )𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑑𝑖𝑠𝑐ℎ  (2a) 
𝐸𝐸𝑆𝑆,𝑛
𝑚𝑖𝑛 ≤ 𝐸𝐸𝑆𝑆,𝑛,0 + ∆𝑡 ∑ 𝑃𝐸𝑆𝑆,𝑛,𝑘
𝑛𝑒𝑡
𝑡
𝑘=1
≤ 𝐸𝐸𝑆𝑆,𝑛
𝑚𝑎𝑥  
 (2b) 
0 ≤ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑐ℎ ≤ 𝛼𝑛,𝑡
𝑐ℎ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑚𝑎𝑥   (2c) 
0 ≤ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑑𝑖𝑠𝑐ℎ ≤ 𝛼𝑛,𝑡
𝑑𝑖𝑠𝑐ℎ𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑚𝑎𝑥   (2d) 
𝛼𝑛,𝑡
𝑐ℎ + 𝛼𝑛,𝑡
𝑑𝑖𝑠𝑐ℎ ≤ 1   (2e) 
𝛼𝑛,𝑡
𝑐ℎ , 𝛼𝑛,𝑡
𝑑𝑖𝑠𝑐ℎ ∈ {0, 1}, 𝑛 ∈ 𝑁, 𝑡 = 0, 1, … , 𝑇 − 1     (2f) 
where (2a) describes the net injected/absorbed power to the 
ESS, Pnet using the charge (Pch) and discharge (Pdisch) variables 
at each ESS connected bus n and at time t. It is also dependent 
on the charge and discharge cycles’ efficiencies. The charging 
efficiency should be less than 1 because a percentage of energy 
fed to the ESS will be stored while the remaining will be lost in 
the form of losses. Conversely, to withdraw energy from the 
ESS, more energy is required to cover the discharging losses 
and hence this is the reason for 1/ηdisch in (2a). Equation (2b) 
ensures the current available amount of stored energy in the 
ESS is within its technological minimum and maximum, where 
EESS,n,0 is the initial energy stored at the beginning of the interval 
at bus n. The parameter ∆t is the time step resolution in hours 
(for example, ∆t is 0.25 hours if 15-minutes data is used). 
Equations (2a) and (2b) are called State of Charge (SOC) 
constraints. Equations (2c) and (2d) ensure the charge and 
discharge powers do not exceed the ratings of the ESS. The 
charge and discharge indicator binary variables αch and αdisch 
respectively in (2c), (2d), (2e) restricts the ESS from charging 
and discharging at the same time t. The index T is the number 
of periods under study and N is the set of all buses with an ESS 
connected. These constraints represent the majority of 
constraints seen in literature. Components of the above model 
were illustrated in [20] – [25]. 
2) A Continuous Linear Model:  
To eliminate the binary variables, some researchers used the 
following simplified lossless model. 
−𝑃𝐸𝑆𝑆,𝑛
𝑚𝑎𝑥 ≤ 𝑃𝐸𝑆𝑆,𝑛,𝑡 ≤ 𝑃𝐸𝑆𝑆,𝑛
𝑚𝑎𝑥   (3a) 
𝐸𝐸𝑆𝑆,𝑛
𝑚𝑖𝑛 ≤ 𝐸𝐸𝑆𝑆,𝑛,0 + ∆𝑡 ∑ 𝑃𝐸𝑆𝑆,𝑛,𝑘
𝑡
𝑘=1
≤ 𝐸𝐸𝑆𝑆,𝑛
𝑚𝑎𝑥  
  (3b) 
𝑛 ∈ 𝑁, 𝑡 = 0, 1, … , 𝑇 − 1  (3c) 
where the power (PESS) flowing into the ESS located at bus n at 
each time t can be either positive (discharging) or negative 
(charging) and is bound by the constraint in (3a). The constraint 
in (3b) bounds the maximum capacity of each ESS till any time 
period less than the planning horizon by taking into 
consideration the initial energy stored at the beginning of the 
interval, EESS,n,0. N is the set of all buses with an ESS connected 
and T is the planning horizon. Components of the above model 
were illustrated in [26], [27]. 
B. Nonlinear Models 
1) Nonlinear Model Adapted from Linear Models by 
Replacing Integer Indicator Variables with a Product of the 
Control Variables:  
These models are adapted from any of the linear models in 
which a product of any of the control variables related to ESS 
overrides the application of integer variables used to indicate 
and avoid simultaneous charging and discharging within the 
same time period.  
𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑐ℎ ∙ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑑𝑖𝑠𝑐ℎ = 0   (4a) 
0 ≤ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑐ℎ ≤ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑚𝑎𝑥    (4b) 
0 ≤ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑑𝑖𝑠𝑐ℎ ≤ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑚𝑎𝑥    (4c) 
where (3c) and the SOC constraints given in (2a) and (2b) are 
also applicable here. The equation (4a) guarantees that at most 
one of the charge/discharge variables is non-zero. Equations 
(4b) and (4c) are similar to (2c) and (2d) respectively. The 
above model is illustrated in [28], [29]. An interesting method 
of removing the bilinear constraint (4a) by adding a disturbance 
term to the objective function was provided in [29]. 
2) Nonlinear Model for BESS:  
This nonlinear model was developed based on an 
equivalent electric circuit of a BESS (see Fig. 4 in [30]). 
𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑙𝑜𝑠𝑠  𝑉𝑛,𝑡 = 𝑟𝑛
𝑒𝑞(𝑃𝐸𝑆𝑆,𝑛,𝑡)
2
+ 𝑟𝑛
𝐶𝑉𝑇(𝑄𝐸𝑆𝑆,𝑛,𝑡)
2
 (5a) 
𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑛𝑒𝑡 = 𝑃𝐸𝑆𝑆,𝑛,𝑡 + 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑙𝑜𝑠𝑠    (5b) 
(𝑃𝐸𝑆𝑆,𝑛,𝑡)
2
+ (𝑄𝐸𝑆𝑆,𝑛,𝑡)
2
≤ (𝑆𝐶𝑉𝑇,𝑛
𝑚𝑎𝑥 )
2
  (5c) 
where (3c) and the SOC constraint in (2b) are applicable here 
with Pnet now incorporating the ohmic power losses (Ploss) of 
the BESS. The equation (5a) relates the ohmic power losses of 
the BESS in terms of its active and reactive power outputs, 
where the equivalent resistance, req = rBESS + rCVT; is the sum of 
the BESS and associated converter resistances. The power 
(PESS) flowing into the BESS located at bus n and at each time 
t can be either positive (discharging) or negative (charging). 
The variable, (Vn,t) in (5a) is the square of the voltage magnitude 
at bus n. The active and reactive power limits of the ESS is set 
to not exceed the MVA ratings of the converter in (5c). The 
above model is illustrated in [30] and similar approximations 
can be found in [31], [32]. The authors in [33] also presented 
approximations of the above model by proposing a combined 
active-reactive optimal power flow in distribution networks 
using charge/discharge dynamics that incorporated similar 
SOC deductions as in (2a) and (2b). 
3) Convex Nonlinear Model for BESS:  
This model, similar to the above nonlinear model in (5) for 
BESS is shown in [34]; where the authors presented a novel 
convex relaxation of the non-convex equation (5a) to their 
distributed energy storage optimal scheduling problem. 
𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑙𝑜𝑠𝑠  𝑉𝑛,𝑡 ≥ 𝑟𝑛
𝑒𝑞(𝑃𝐸𝑆𝑆,𝑛,𝑡)
2
+ 𝑟𝑛
𝐶𝑉𝑇(𝑄𝐸𝑆𝑆,𝑛,𝑡)
2
 (6a) 
𝑟𝑛
𝑒𝑞(𝑆𝐶𝑉𝑇,𝑛
𝑚𝑎𝑥 )
2
≥ 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑙𝑜𝑠𝑠  𝑉𝑛
𝑚𝑖𝑛 +  𝑟𝑛
𝐵𝐸𝑆𝑆(𝑄𝐸𝑆𝑆,𝑛,𝑡)
2
 (6b) 
(𝑆𝐶𝑉𝑇,𝑛
𝑚𝑎𝑥 )
2
(𝑉𝑛
𝑚𝑖𝑛 + 𝑉𝑛
𝑚𝑎𝑥)
≥ (𝑆𝐶𝑉𝑇,𝑛
𝑚𝑎𝑥 )
2
𝑉𝑛,𝑡 + 𝑃𝐸𝑆𝑆,𝑛,𝑡
𝑙𝑜𝑠𝑠 (𝑉𝑛
𝑚𝑖𝑛 ∙ 𝑉𝑛
𝑚𝑎𝑥) 
 (6c) 
where (3c), the SOC constraint in (2b), (5b) and (5c) are also 
applicable here. The equations (6a – 6c) is the convex hull 
relaxation of (5a) within system bounds (Vnmin ≤ Vn,t ≤ Vnmax and 
(5c)). Please refer to [34] for more information on this model. 
C. Discussion 
This subsection discusses suggestions on selecting a proper 
ESS model for constraint (1c) when the network constraints in 
(1b) is defined.  
1) Transmission Networks:  
a) If nonlinear AC network model is used in (1b):  
We suggest models (3) or (4) be chosen so as to avoid 
yielding a Mixed Integer Nonlinear Problem (MINLP) which is 
difficult to solve. If model (3) or (4) is chosen, the resulting 
power system optimization problem in (1) is a Nonlinear 
Problem (NLP), which is relatively easier to solve than an 
MINLP. Model (4) is more accurate than model (3); however, 
introduces more computational burden. 
b) If linearized AC network model is used in (1b):  
We suggest models (2) or (3) be chosen; again to avoid 
yielding an MINLP. The linearized AC network model in (1b) 
incorporates certain reasonable assumptions peculiar to 
transmission networks. If model (3) is chosen, the power 
system optimization problem in (1) is a Linear Problem (LP) 
which is easier to solve, whereas if model (2) is chosen, (1) 
becomes a Mixed Integer Linear Problem (MILP) which 
although is harder than an LP, is more accurate. 
2) Distribution Networks and Microgrids:  
For distribution networks, careful attention has to be paid to 
them due to their low reactance/resistance (X/R) ratios and their 
radial or weakly meshed structures. Linearizing the nonlinear 
equations in (1b) for distribution networks is not ideal, hence 
an AC network model should be used. Any of the non-convex 
models (2), (3) or (4) is recommended to be paired with (1b) for 
grid optimization in distribution networks. If model (3) or (4) is 
chosen, the resulting power system optimization problem in (1) 
is an NLP, whereas if model (2) is used, (1) becomes an MINLP 
which is harder than an NLP, but more accurate. 
For BESSs, we recommend model (5). The more nonlinear 
equations present in a power system optimization formulation, 
the more difficult and complex it is to solve. Convexification is 
now a practical way to reduce computational complexity for 
solving a non-convex problem. Model (6) provides an 
opportunity to researchers interested in the optimization of grid-
integrated BESSs using convex techniques. 
TABLE I.  CLASSIFYING MATHEMATICAL MODELS 
Model Incorporated By 
(2) [12], [20]
d, [21], [22]d, [23], [24], [25], [37] 
[38], [39]d, [40]d, [41], [42], [43], [44]d, [45] 
(3) [26], [27] 
(4) [28]d, [29]d 
(5) [30]d, [31]d, [32]d, [33] 
(6) [34]d 
d – applied to distribution network 
In addition, some authors may have components common 
to any of the five models presented. This is common practice, 
as researchers, planning engineers and power system operators 
might need to capture several aspects from different models to 
suit their problem. A literature on grid-integration of ESS 
technologies can be seen in [35], [36]. Table I attempts to 
classify some of the applicable grid-integrated linear and 
nonlinear ESS models used in power system optimization.  
TABLE II.  MODELS FOR ESS 
ESS Related References 
PHS [25], [42], [43] 
CAES [38], [43] 
FES [45] 
BESS [21], [23], [24],[30], [31], [32],[33], [34], [37], [39] 
SMES Generic {[12], [20], [26], [27], [28], [29], [41]} 
SC Generic {[12], [20], [26], [27], [28], [29], [41]} 
TESS [22], [45] 
HES [40] 
 
Table II is intended to provide the reader with suitable 
models incorporating other technological aspects and 
characteristics not covered in this paper for all the different ESS 
technologies listed in section II. 
IV. TEST SYSTEMS 
Proper test cases are key to show and implement the ideas 
of the researcher to interested readers. Some researchers and 
engineers with access to necessary power utility data like 
network and multi-period load data, are able to draw more 
interested readers since they have real-world systems as seen in 
approaches by [22], [29], [30] and [31]. If multi-period load 
data is not available, authors perform a snapshot power flow of 
a literature-based test system [46], [47], [48], [50] and [51] 
using the associated load data and perform their studies one 
period at a time or they scale the associated load data according 
to guidelines in the IEEE RTS-1996 [49] to develop a load 
curve that might be representative of the test system. These 
approaches were found in [12], [20], [33], [39], [40] and [44]. 
Reference [49] is the more frequently used literature-based test 
case as seen in approaches by [23], [24], [25], [41] and [43]. 
Some other authors in conjunction with power utilities or 
system operators attempt to scale obtained multi-period load 
data from those organizations to suit their selected literature-
based case studies as seen in approaches by [26], [27], [32], 
[34], [41] and [45]. These literature-based test cases could also 
be modified based on assumptions that enable integration of the 
ESS and perhaps RES.  
V. CONCLUSION 
In power system optimization considering ESSs, most 
researchers formulate generic ESS models independent of 
technology to capture their charge/discharge dynamics. BESS 
and PHS accounts for most of the models seen in literature. To 
our knowledge, there are currently no descriptive models 
capturing the characteristics of SMES and SC, hence providing 
a potential for future research. A generic ESS model would 
suffice for now for both technologies as well as other ESS 
technologies like CAES, FES and HES. 
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